Despite the advances in aircraft guidance and control systems technology, Loss of Control remains as the main cause of the fatal accidents of large transport aircraft. Loss of Control is defined as excursion beyond the allowable flight envelope and is often a consequence of upset condition if improper maneuver is implemented by the pilot. Hence, extensive research in recent years has focused on improving the current fault tolerant control systems and developing new strategies for loss of control prevention and recovery systems. However, success of such systems requires the perception of the damaged aircraft's dynamic behavior and performance, and understanding of its new flight envelope. This paper provides a comprehensive understanding of lateral control surfaces' failure effect on the NASA Generic Transport Model's maneuvering flight envelope; which is a set of attainable steady state maneuvers herein referred to as trim points. The study utilizes a massive database of the Generic Transport Model's high-fidelity maneuvering flight envelopes computed for the unimpaired case and wide ranges of aileron and rudder failure cases at different flight conditions. Flight envelope boundary is rigorously investigated and the key parameters confining the trim points at different boundary sections are identified. Trend analysis of the impaired flight envelopes and the corresponding limiting factors is performed which demonstrates the effect of various failure degrees on the remaining feasible trim points. Results of the post-failure analysis can be employed in emergency path planning and have potential uses in the development of aircraft resilient control and upset recovery systems.
INTRODUCTION
ASED on the statistical report published by Boeing in October 2018, Loss of Control (LOC); with 14 accidents and a total of 1129 fatalities, is the primary contributor among different factors leading to fatal accident of commercial airliners over the years 2008-2017 [1] . Also, the report published by UK Civil Aviation Authority in 2013 investigating the fatal accidents of [2002] [2003] [2004] [2005] [2006] [2007] [2008] [2009] [2010] [2011] [2012] [2013] indicates that almost 40% of all fatal accidents were related to the loss of control, making it the major cause of the accidents [2] .
Despite the increase in the number of flights, there has been a decreasing trend in the number of fatal accidents which is mainly due to the emerging of more accurate and intelligent flight management and control automation systems [2] . However, LOC still holds the greatest share in the fatal accidents.
LOC usually occurs following an upset condition which is caused by external events such as icing, or technical failures such as control surface defects, or internal sources such as pilot inputs, or a combination of these factors [3] .
In the case of technical failures, aircraft dynamics and parameters are changed, and so are the flight envelope and its kinematic constraints. As the pilots are not and cannot be trained for all possible failure cases, the aircraft altered dynamics and the new flight envelope boundary are not determined for the pilot. So, the pilot who tries to plan a safe landing trajectory may apply a control input which yields a maneuver outside the new admissible flight envelope leading to LOC [4] .
Hence, in order to prevent LOC-led-accidents, it is crucial to increase the pilot's situational awareness and develop better control systems that comply with the dynamics alteration, which both require comprehending the effects of the damage on the aircraft's flight envelope [5] . To address this requirement, flight envelopes of the unimpaired and the damaged aircraft must be computed and thoroughly investigated to identify the parameters which shape the flight envelope boundary and to evaluate their variations with different degrees of failure.
Various approaches have been used in the previous studies to estimate the flight envelope. As mentioned earlier, maneuvering flight envelope (MFE) is a set of attainable trim states within a set of constraints and loss of control may occur once any of the constraints is violated [6] . Being attainable means the trim state belongs to the region of attraction of the equilibrium state and the new stability margin is adequate for the impaired aircraft to cope with disturbances such as gust
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Failure on the GTM B [7] . Hence, one method is to determine the region of attraction of the equilibrium points in the nonlinear system. For instance, in [8] , Lyapunov function method has been used to estimate the attraction region of a stable equilibrium point in a nonlinear system. Also in [9] , Linear reachable set and nonlinear region of attraction techniques were used to develop algorithms to assess the dynamic flight envelope of the NASA Generic Transport Model (GTM). More recently, the region of attraction representing the dynamic flight envelope was constructed using the stable manifold theory [10, 11] . Another approach is to calculate the reachability-based safe envelope by transforming the problem into Hamilton-Jacobi partial differential equations and solving it with level set methods [12, 13, 14, and 15] .
There are also other researches in which the flight envelope is estimated by directly evaluating the trim states in different conditions. For instance, in [16] , turning, pull-up, and pushover steady state conditions are derived by numerically minimizing a cost function, whereas in [17] , interval analysis method is used to derive trim states. In [18] , steady states are computed using the Newton-Raphson method to evaluate the unimpaired aircraft's steady performance and maneuvering capabilities in helical trajectories. In [19] , similar problem has been addressed in which, instead of trimming every steady state point, boundary of the impaired aircraft's flight envelope is directly computed using the continuation technique. Specifically, the approach of computing 3D maneuvering flight envelopes of an impaired aircraft by evaluating all trim points in a point-by-point schema was introduced in [20] and elaborated in [21] . The method characterizes the trim points by velocity, climb rate, turn rate and altitude, and derives them by simultaneously minimizing the 6 degree-of-freedom (DOF) nonlinear equations of motion according to the altered dynamics of the damaged aircraft. This approach has been used in several studies associated with flight envelope estimation of impaired aircraft and post-failure path planning such as [7, 22, and 23] . Also in [24, 25, and 26] , this method was applied to the NASA GTM with left wing damage to estimate the post-failure maneuvering flight envelopes.
Also, researchers concerned with estimating the impaired aircraft's flight envelope in real-time have adopted various approaches. For instance, in [27, [28] [29] [30] , the intended flight envelope is estimated by interpolating closely related envelopes retrieved from an offline generated database being carried onboard. Also, a neural network-based method has been proposed in [5] which estimates the boundary of the impaired aircraft's global flight envelope in real-time.
Despite many studies devoted to the flight envelope estimation and those investigating the envelope characteristics based on limited failure cases and in local ranges of the flight envelope, to the best of our knowledge; so far there has been no comprehensive study on the flight envelope variations due to wide ranges of failure degrees. In this research, boundaries of the unimpaired and impaired maneuvering flight envelopes of the NASA GTM are rigorously analyzed to investigate the envelope variations with different degrees of the control surfaces failure and various flight conditions. The rest of this paper is organized as follows: in Sec. 2, the GTM which is the dynamic model used in this research is introduced. In Sec 3, trim state definition, stability evaluation, and the computational procedure by which the utilized MFE database was generated are explained, and Sec. 4 presents the specifications of the database. The analysis performed on the maneuvering flight envelopes is presented in Sec. 5, where the results of the rigorous investigation of the unimpaired flight envelope and its limiting factors are discussed in subsection 5.1, and the variations of the flight envelope with different degrees of the control surfaces failure at a number of flight conditions are presented and discussed in subsection 5.2. Finally, Sec. 6 concludes the paper.
NASA GENERIC TRANSPORT MODEL
The Generic Transport Model (GTM) -with tail number T2 is a 5.5%, dynamically scaled, twin engine aircraft which resembles a commercial jet airliner and is designed to be flown into drastic upset conditions and being safely recovered [31] . The GTM-T2 specifications are shown in Table 1 . The MFE database employed in this research was created using the high fidelity, nonlinear, 6 DOF, MATLAB ® -Simulink ® model of the GTM-T2 known as "GTMDesignSim" [32] . The model utilizes an extended-envelope aerodynamic dataset which was created by performing extensive wind tunnel tests on the GTM at angles of attack and sideslip angles ranging from 5 to +85° and 45° to +45, respectively [31] . Further details on the GTM can be found in [31, [33] [34] [35] [36] [37] .
FLIGHT ENVELOPE ESTIMATION
In this section, the process in which maneuvering flight envelopes of the database were estimated is briefly described. More detailed description can be found in [4, 5] .
Trim state
As mentioned earlier, flight envelopes of the previously generated database which is used in this research are actually maneuvering flight envelopes, which mean they are boundaries containing steady state maneuvers. Such steady state maneuvers are referred to as trim points in this research.
A steady state maneuver is the condition in which all linear and angular velocity rates and aerodynamic angles rates are zero [38] . Hence, in the wind-axes coordinate system:
where, V, and are the aircraft total airspeed, angles of attack and sideslip, and , , , are the roll rate, pitch rate and yaw rate, respectively.
Since the considered steady state maneuvers are in fact level-climbing-descending rectilinear and turning flights,
where, , , , and are the roll (bank) angle, pitch angle, yaw (heading) angle, and the flight path angle. Also, * ,̇ * are the desired constant values defining the steady state maneuvers.
In terms of the nonlinear aircraft equations of motion:
where is a vector of nonlinear functions, is the state vector, is the control vector, and ℎ , , , and represent engine throttle setting and deflections in the elevator, aileron, and rudder respectively.
Maneuvering flight envelopes are comprised of trim states characterized by four parameters (ℎ * , * , * ,̇ * ). These flight envelopes can be depicted as three-dimensional volumes at each constant flight altitude ℎ * [4] . Hence, each trim point should be derived by solving all the aircraft nonlinear equations of motion (̇= 0) for the intended flight path angle and turn rate ( * ,̇ * ) at the considered airspeed ( * ) and altitude (ℎ * ).
Computational procedure
Since this is not analytically possible, the corresponding constrained nonlinear optimization problem is numerically solved, in which the cost function is [38, 21, and 24] :
where is a positive definite weighting matrix which specifies the contributions of the state derivatives to the cost function. is subject to the following equality and inequality constraints:
where, = , = +
To construct the database used in this research, the aforementioned constrained optimization problem was iteratively solved via the sequential quadratic programming (SQP) technique with a convergence criterion of 10 7 .
Linearization and stability evaluation
At the final step, the stability of the derived feasible trim points are checked as being feasible is not adequate for a trim state to include it in the maneuvering flight envelope and being stable is the sufficient condition.
By definition, a nonlinear system is considered stable at a specific trim point if it inherently converges to that trim state when being in the vicinity of the trim point [39] .
To evaluate the stability of the aircraft at a derived trim point * , the aircraft equations of motion are linearized about * via a perturbation method:
where, = − * , = − * , and , are constant Jacobian matrices:
System eigenvalues determine if the considered trim point is stable. While stability is more preferable as the aircraft naturally tends to damp the effect of small disturbances, an unstable trim point still can be included in the flight envelope if it is controllable, which is evaluated by the linearized system's controllability matrix :
Additional considerations

Bank angle
According to section 1, one of the main reasons for the impaired aircraft's maneuvering flight envelope estimation is the post-failure path planning. The load factor ( ) becomes larger with increase in airplane's bank angle, and the turn becomes less comfortable and more annoying for passengers:
Hence, it is more preferable for the commercial transport aircraft to use bank angles of less than 30 degrees in the path planning, especially in the final approach and landing. This enables shallow turns which impose small -forces (up to 1.2 ) on passengers. For instance, in [24] , an adaptive flight planner which selects trim points from the estimated flight envelopes was applied to a wing damaged GTM for the postfailure path planning in the landing phase and a 30 bank constraint was imposed on the path planner to have shallow turns to the final approach. Also, in [25] , maneuvering flight envelopes were estimated for bank angles constrained to 20. Likewise in [40] , a 35 bank constraint was imposed on the online flight envelope determination of an Airbus A300 fullscale model. Therefore, a 30 bank constraint was imposed on the trim points derivation of the utilized database. This way, the estimated MFEs are composed of trim points which all require bank angles equal to or less than 30. It should be noted that such constraint does not mean that the aircraft is incapable of flying with banks more than 30. However, it was imposed to derive trim points that are all possible to be implemented by the flight management system and the autopilot, and also to investigate how far the aircraft can maneuver satisfying this constraint. Perhaps, other researchers can estimate the GTM flight envelopes with bank angles up to 67 structural limit or up to any other degree based on their research goal.
Angle of attack
As mentioned in section 2, the GTM was designed to investigate the stall and post-stall regimes in the extended flight envelope regions, so the model's aerodynamic dataset includes aerodynamic data for high values of the angle of attack up to 85. However, in this research, we intend to estimate normal operating flight envelopes for the unimpaired and impaired cases. Therefore, we need to impose an angle of attack constraint to prevent the optimization algorithm from trimming the aircraft at the stall or post-stall flight conditions. To do so, we need to consider the critical angle of attack, at which, the airplane has maximum lift coefficient. This angle corresponds to the stall speed. For velocities below this speed or angles of attack above this angle, the flow separates from wings and the aircraft loses the required lift. According to the results of the bifurcation analysis of the GTM presented in [3] , from  = 10.5, the aircraft enters an undesirable regime with steep helical spirals which are considered as upset conditions and must be recovered from, by stall recovery procedures. Also, in [41] , the angle of attack is restricted to 10 such that no part of the aircraft stalls. Therefore, the employed database was constructed with the angle of attack constrained to 10.5.
MANEUVERING FLIGHT ENVELOPE DATABASE
As mentioned earlier, a previously generated database [42] comprising the flight envelopes of the unimpaired and impaired GTM is used to perform this study. The 3D MFEs of the database were evaluated by solving the presented computational procedure in an iterative scheme in which for every new trim point, the initial guess for the solution of the optimization is set equal to the successful solution of the optimization for the previous trim point. This way, the convergence of the algorithm for every feasible trim point is almost guaranteed, and the probability of being trapped in local minima becomes very low.
In this study, we aim to investigate the trend of changes in the maneuvering flight envelopes and their boundaries due to various failure degrees of aileron and rudder. There are four categories of control surface failures [43] :
• Control restriction, in which, upper and/or lower limits of deflection are changed to new, equal or non-equal values • Surface jam • Reduced rate limits, in which, upper and/or lower rate limits are changed • Surface runaway, which at first shows up as reduced rate limits, but eventually changes to the surface jam case Control restriction and surface jam are caused by physical damage, icing, or a loss of hydraulic power. The fourth category eventually becomes surface jam; hence there are three main failure categories which two of them have been considered in the database: control restriction and surface jam.
In order to have a comprehensive database, different sections of the aileron and rudder operational ranges were covered by selecting the failure degrees from lowest to highest as presented in Table 2 . It should be noted that the values in the brackets are the lower limit ( ) and the upper limit ( ) of the control surface deflection, as in [ , ] . Thus, jamming failure is a special case of the restriction failure, in which and are identical. Also, in the investigation process of the failure trim points, the limits in the inequality constraints (25) were set to the corresponding and of the failures. To enable assessing the effect of different flying altitudes, the 3D MFEs of the database have been estimated at four different altitudes of Sea Level, 10000 ft, 20000 ft, and 30000 ft. Hence, the database contains 3D MFEs of 168 different cases (Table 3) .
Since GTM is symmetrical about the longitudinal axis, MFE of the impaired case [ , ] is symmetric to the MFE of the impaired case [min(− , − ) , max(− , − )]. For instance, MFE of the impaired case with rudder restricted to [30, 10], is symmetry of the MFE of the impaired case with rudder restricted to [10, 30]. Therefore in the evaluation of the 3D MFEs, flight envelopes of almost half of the failure cases were evaluated based on their symmetricals. For such cases, flight envelope boundaries were validated by checking randomly selected trim points from inside and outside of the boundary. It should be noted that the control surface sign conventions used in the GTM model are: The smaller the resolution increments in , , and ̇ ranges, the more the trim points, and hence the higher the accuracy of the flight envelopes and their boundaries. Therefore these increments were selected as per Table 5 so that high fidelity flight envelopes could be estimated. MFEs of the database were evaluated for different flight path angles within the range of −5°≤ ≤ 5°. Thus, considering the 1 deg resolution increment in the  range, each 3D MFE is composed of 11 different -constant 2D MFEs ( −̇). To construct the database, all computations were split over two standard desktop PCs with 3.00 GHz AMD Phenom quadcore processor, under Windows 7 operating system, and were performed using MATLAB ® and Simulink ® version 8.2 (R2013b). On average; it took 8 seconds for each trim point to complete the presented numerical process. Therefore, the database was generated by investigating more than 8.8 million trim points in more than 19600 hours in over more than 16 months. 
Unimpaired flight envelopes
Figures 1 through 4 show 3D maneuvering flight envelopes estimated for the unimpaired GTM in various flight path angles and flying altitudes. These are 4 out of the 168 3D MFEs estimated for the GTM. The rest 164 3D MFEs, which belong to the considered impaired cases, are presented in [42] . Fig. 5 shows the 2D maneuvering flight envelope of the unimpaired GTM at sea level and zero flight path angle. Each blue dot represents a feasible -stable or feasible -controllable trim point. It also shows different sections of the unimpaired flight envelope boundary highlighted by their limiting factors. By limiting factor we mean a determinative parameter which hampers the access to further trim points. Such limiting factors are either a state or a control. Identifying these limiting factors and understanding their variation trends; helps in better comprehension and prediction of changes in flight envelopes due to failures, and better resilient controller design. Hence, in this section, we present the results of a rigorous analysis made on the unimpaired flight envelope boundary of the GTM.
In Fig. 5 , the magenta colored section is the stall boundary, in which, no further trim point is admissible, because further trim points would have angles of attack higher than the 10.5 critical angle of attack. Therefore in this section, the limiting factor is the angle of attack. The green colored section represents the aileron saturation boundary, where further trim points would require aileron deflections greater than +20 or 20. This section's limiting factor is the aileron's deflection angle. The red colored section shows thrust saturation boundary, which is comprised of trim points with maximum throttle setting. Further trim points would require amounts of thrust bigger than the engines' available thrust.
To accurately understand what is going on in these boundaries and why they have these limiting factors, we investigated the states and controls variations along the trim points of these boundaries. To do so, we started from the rectilinear non-sideslipping maneuver of the lowest speed in the flight envelope, and we moved on the left half of the flight envelope boundary, up to the rectilinear non-sideslipping maneuver of the highest speed in the flight envelope (i.e. from = 58,̇= 0 to = 176,̇= 0). Due to symmetry of the flight envelope, results of this investigation are valid for the other half of the boundary. Figures 6 to 11 show variations of , (which is  the required thrust), , , , , along the trim points of the flight envelope boundary. In each figure, the variation of a state or a control with the flight envelope boundary speed is plotted. Since speed is increasing almost linearly along trim points in most parts of the boundary, speed is chosen as the horizontal axis of these plots, rather than turn rate. An exception to this is the stall boundary section, in which, the primary changing variable is turn rate, whereas speed is constant with respect to different values of turn rate in many sections of the stall boundary. This exception has resulted in congestions in the stall boundary section of most of the presented plots. To enhance the visualization of these plots, zoomed-in-plots of the congested areas are provided inside each figure. Since these zoomed-in-plots are mainly composed of -constant sections, to have a better insight, the corresponding variations in turn rate are also plotted next to the in-plots (in blue), for the same trim points.
By moving from the starting point of the boundary analysis (at the bottom of the envelope) to the end point (at the top of the envelope), and investigating figures 6 to 11 attentively, we can describe the airplane's behavior as below:
The airplane initiates coordinated (zero sideslip) left turn (negative turn rates) via banking to the left (negative roll angle). To increase turn rates, it banks more to the left until the bank angle is saturated (30 bank constraint). From this point onwards, to access higher turn rates, the airplane enters slipping (non-coordinated) turn in which it yaws to the left (increases sideslip) via increasing positive rudder input. However, this would result in an adverse negative roll which increases bank angle if not compensated. Therefore, the airplane counteracts the adverse roll and maintains 30 degree bank angle through increasing negative aileron input. The airplane achieves higher turn rates in this manner until the aileron becomes saturated (end of the stall boundary, beginning of the aileron saturation boundary). At this point, the airplane cannot continue slipping turn, because there are no more aileron deflections available to maintain the 30 bank angle. Instead, the airplane increases speed, which consequently increases aileron effectiveness and yields in less aileron deflection requirement for the same amount of turn rate. In the other words, the airplane now can access higher turn rates by increasing speed, with the same saturated aileron. Hence, it yaws more to the left (increases sideslip) via increasing positive rudder input, while the aileron and bank angle are saturated at 20 and 30, respectively. It is important to note that aileron saturation is the limiting factor, whilst bank angle saturation is the constraint being satisfied, not the limiting factor. The airplane inputs more throttle, increases speed, and achieves higher turn rates until engines' thrust is saturated (end of the aileron saturation boundary, beginning of the thrust saturation boundary). From this point onwards, the airplane goes on with full throttle. Since engines' available thrust is decreasing while increasing speed; the airplane decreases required thrust by reducing drag through decreasing sideslip via reducing rudder deflection angle. Reduction of sideslip angle decreases airplane's reference area
, where is drag force. In the red colored section of the boundary, this reference area reduction is such that enables the airplane to increase speed while total drag force (and hence, the required thrust) is decreasing. The airplane's turn rate reduces as it decreases sideslip angle. It keeps increasing speed and reducing sideslip; until it enters coordinated turn (zero sideslip), and from that point, bank angle decreases until the airplane is in non-sideslipping wings level rectilinear flight at top of the flight envelope (end of the thrust saturation boundary).
Stall speed increases as the aircraft increases bank angle:
where, , , , 0 are load factor, weight, turning maneuver stall speed, and wings level rectilinear flight stall speed. Stall speed is proportional to load factor as presented in (29), (30) , and load factor increases with roll angle; as shown in (28) . Stall speed increase can be seen in the stall boundary section of figures 5 and 8. However, instead of being gradual, such increase is in the form of -constant sections.
-constant sections in the stall boundary of the unimpaired flight envelope shown in Fig. 5 , are generally due to numeric round-off error and resolution increment size of range (1 knot). In fact, the speed increases gradually (according to (30) ), and if the increment size is reduced significantly (e.g. to 0.1 knots), these stepwise constant sections would be eliminated and replaced by a curve of boundary trim points. However, this would exponentially increase the computational cost which is unnecessary, because we already have estimated sufficiently accurate flight envelope boundary, with current increment size.
The effect of these -constant sections can be seen as "sawtooths" in the zoomed-in-plot of figure 6 . In Fig. 6 , these sawtooths can be described as increase in the angle of attack in -constant sections, and sudden decrease in the angle of attack between the -constant sections. As the aircraft banks, lift vector inclines, hence there is lesser lift available to balance the weight. Therefore, the angle of attack must be increased to prevent loss of altitude. This is the reason for the increase of angle of attack in -constant sections. In each -constant section, the angle of attack increases until it reaches the critical value. So, the extra lift required to prevent loss of altitude cannot be provided by increasing angle of attack anymore. At this point, the required lift is generated by increasing speed, and the current -constant section changes to the next -constant section. Between the -constant sections; where extra required lift is provided by an increase in the speed, there would be lesser need in the angle of attack, and that is why the angle of attack decreases between theconstant sections.
-constant and -constant thrust-required curves are plotted in Fig. 7 . Usually in texts and articles, only = 0 thrustrequired curve is plotted along with thrust-available curve. However in this research, we have additionally calculated and plotted " = 30, -constant" curves for various amounts of sideslip angle to show that as we move along the trim points of the flight envelope boundary, the required thrust increases and boundary trim points pass through -constant curves. For better realization, these curves are shown in the unimpaired flight envelope boundary in Fig. 12 . These curves are confined by the aileron saturation boundary on one side and the thrust saturation boundary on the other side. There are segments in the green colored boundary of Fig.  10 , where one trim point has saturated aileron of 20, whilst in the next few trim points, the trim value of aileron deflection is slightly lower than 20. In these segments, speed increases with constant turn rate, which increases the aileron effectiveness, and hence lesser aileron ( 20) is needed for the same amount of turn rate. However, this does not mean that the airplane can access the adjacent trim point if it uses full 20 aileron deflection. This is because we have ̇ increments of 0.2 deg/s and the adjacent trim point (̇+ 0.2) requires aileron deflection of greater than 20.
Similar behavior is seen in the thrust saturation boundary of Fig. 7 . There are segments in which a trim point has 100% throttle setting whilst the next few ones do not fully lie on the thrust-available curve. Again, the reason is the increment size of turn rate. At such trim points, if the turn rate is increased by 0.2 deg/s, the required thrust would be more than the available thrust, and if we wish to stay on the thrust-available curve, we need to increase the turn rate by less than 0.2 deg/s, which is not available. However, after increasing speed by three or four knots, the next trim point lies on the thrust-available curve again, which is resulted by simultaneous increase in speed and decrease in available thrust. A sample segment is chosen in Fig. 7 to demonstrate this behavior. Zoomed-in-plot of this segment shows five trim points which the first and the last ones are placed on the thrust-available curve, whereas the other three are beneath the curve. As shown in Table 6 , these three trim points require greater than available amounts of thrust to become their adjacent trim points (same , ̇+ 0.2). Despite the fact that left aileron (positive ) is needed to initiate a roll to the left, it is shown in figures 10 and 11 that right aileron (negative ) and left rudder (positive ) are required to perform a left turn (negative ) maneuver. The reason that right aileron is needed to maintain the bank angle constant during the left coordinated turn, can be explained as following: As the airplane banks to the left, an adverse yawing moment is generated which yaws the airplane to the right while the airplane is rolling to the left. To counteract this yawing moment, some left rudder input is required, which its exact amount is primarily dependent on yaw damping derivative of the airplane. Due to roll-yaw coupling, this rudder input produces some right increment in the rolling moment; however, it is not enough to compensate for the effects of flight path curvature. Hence, some right aileron input is also required [44] .
Unimpaired flight envelopes of GTM at four different altitudes of sea level, 10000 ft, 20000 ft, and 30000 ft are presented in Fig. 13 . It can be seen that flight envelope contracts as the altitude increases. To understand why flight envelope shrinks, we need to investigate the boundaries. According to (29) , it is evident that by increasing altitude; stall speed increases too, which is due to decrease in the air density. Hence, the magenta colored segment of the boundary (the stall boundary) goes up with the increase in altitude.
As shown in Fig. 14 , increasing altitude results in reduction of engines' available thrust. This leads to lesser maximum speed ( ) at the higher altitude. This is why the red colored segment of the boundary (thrust saturation boundary), contracts and lowers with the increase in altitude.
As the altitude increases, the aileron saturation boundary (green colored segment) gets smaller and the aileron saturates sooner (at smaller turn rates), until 30000 ft where the aileron saturation boundary completely vanishes. To understand why this happens, the result of an investigation done on the intersection trim point of stall boundary and aileron saturation boundary; at different altitudes, is presented in Table 7 . Based on Table 7 , at sea level the aileron is saturated whilst thrust is far from saturation. However, by increasing altitude, the point where the stall boundary ends and the aileron saturates will have lesser distance from thrust saturation. Therefore, the green segment of the boundary becomes smaller. As the aircraft arrives at 30000 ft, there is no distance left between the thrust saturation boundary and the end of the stall boundary. So, thrust is saturated long before the aileron saturates ( = 13.36) and the green segment disappears.
Also due to decrease in the air density, aileron effectiveness reduces with increase in the altitude. Hence more rudder input is required to achieve the same turn rate of the previous altitude, which means more aileron deflection is needed to maintain the bank angle constant at 30, and consequently the aileron saturates sooner. As seen in Fig. 13 , there is a sudden indent on each side of the thrust saturation boundary of the 30000 ft flight envelope. Source of these indents is in the thrust-required curve of the GTM. There are few slight ups and downs at the bottom of all thrust-required curves of the GTM (see Fig. 14) , which are due to the aerodynamic coefficients in the aero datasets. At 30000 ft, the distance between thrust-required curve and thrust-available curve is such limited that for some trim points with speeds corresponding to the mentioned ups, the amount of the required thrust for many turn rates fall beyond the thrust-available curve. Hence, to be able to trim the aircraft at mentioned speeds, the turn rate needs to be reduced significantly. Fig. 15 shows unimpaired flight envelopes for various flight path angles at sea level. As expected, the stall boundary and the aileron saturation boundary are almost at the same location in different flight path angles. This is due to the fact that flight path angle has no significant effect on stall speed value or saturation of aileron.
However, thrust saturation boundary shifts down by increasing flight path angle, which means lesser thrust and lesser maximum speed ( ) are available as the flight path angle increases. This is completely in compliance with the following equation:
in which, and are required thrust and drag polar parameter, respectively [45] . According to (31) , the required thrust increases with increase in flight path angle. This is also evident in Fig. 14. On the other hand, thrust available curve is the same for different flight path angles, because they are all considered at the same altitude. Consequently, reduces as flight path angle increases. It is important to note that at 30000 ft, the airplane can fly only up to 2 flight path angle. In the other words, there are no climbing steady maneuvers feasible for the GTM with > 2 at 30000 ft. This is because the thrust-available curve has dropped significantly and there is very limited thrust available at this altitude. Also, thrust-required curve has elevated with each incremental increase of flight path angle, as in (31) . For flight path angles greater than 2, all required thrust values are higher than all available thrust values.
The maximum available flight path angle can be computed from the following equation:
where and are maximum engines' thrust and air density at sea level. Using (32) at 30000 ft also results in 2 maximum flight path angle.
By the way, it should be noted that the GTM flies at lower altitudes than the full-scale aircraft [46] . So the 2 limit of flight path angle does not exist for the full-scale aircraft at 30000 ft, and it can achieve higher flight path angles at this altitude.
Impaired flight envelopes
In this section we aim to investigate the variation of flight envelope boundary with different degrees of control surface failure. Hence, impaired flight envelopes at a number of flight conditions are plotted for comparison purposes.
Rudder restriction cases
By analyzing the boundaries of the impaired flight envelopes shown in figures 16 to 18, we can conclude that in the rudder restriction cases, the right side of the flight envelope boundary corresponds to the lower limit of the rudder deflection angle, whereas the left side of the boundary corresponds to the upper limit. The reason is that right deflection of rudder (negative ) causes positive yawing moment (and its corresponding adverse roll), which initiates turn to the right (positive turn rates). On the other hand, when rudder deflects to the left (positive ), the generated negative yawing moment results in negative turn rates (turn to the left).
As shown in the presented figures, when rudder deflection is restricted, flight envelope contracts and the impaired boundary separates from the boundary of the unimpaired case.
This separation occurs at that side of the flight envelope which its corresponding limit is lower than that of the unimpaired case (e.g. the limit being 10 instead of 30). For instance, in Fig. 16 , all of the three impaired cases [−30, 20] , [−30,10] , and [−30,0], have right boundaries attached to the right boundary of the unimpaired flight envelope. Because their lower limit of the rudder deflection angle is the same as the lower limit in the unimpaired aircraft (i.e. 30). However, their upper limits are lower than 30, so their left boundaries are separated from the left boundary of the unimpaired case, where the amount of separation (distance between their left boundary and the unimpaired boundary) is proportional to the value of their upper limit. As the upper limit value lowers, the failure gets severe (i.e. control restriction tightens), so the impaired boundary retreats more inside the unimpaired flight envelope and distances more from the unimpaired boundary. Another outcome of the performed analysis is shown in Table 8 and Table 9 in which  represents the existence of difference between the corresponding impaired boundary and the unimpaired boundary, whereas  means no difference. Table 8 shows at which altitude and flight path angle, the right boundary of the impaired flight envelope in [20, UL] case (or the left boundary in [LL, 20] case) is the same as the right (or left) boundary of the unimpaired flight envelope, and at which altitude and flight path angle, it is separated.
According to Table 8 , as flight path angle and altitude increase, it is more likely that the unimpaired and impaired cases have the same corresponding boundary. That is because by increasing altitude or flight path angle, the unimpaired flight envelope contracts and thrust saturation boundary becomes more dominant (see Fig. 13 and Fig. 15 ). This contraction and domination leads to smaller amounts of required rudder deflection angle at the boundaries of the unimpaired flight envelope, because further trim points are infeasible due to lack of thrust. So when the limit of the restricted rudder is bigger than the required deflection values of the unimpaired boundary trim points, the impaired aircraft can be trimmed at the unimpaired boundary trim points even with the restricted rudder. Similar explanation is applicable to Table 9 . For example, at sea level and zero flight path angle, the maximum rudder deflection angle used in unimpaired boundary trim points is 26 (Fig. 11) , however this value reduces to 7 at 30000 ft because trim maneuvers which require rudder deflection of more than 7 are infeasible due to thrust saturation. Therefore any rudder restriction failure in which the restricted lower or upper limit is beyond 7, impose no restriction on airplane's maneuverability at 30000 ft (Table 9 ).
In Fig. 17 , flight envelope of the impaired case [30, 10] is the same as the unimpaired case [30, 30] , because the furthest trim point on the boundary of the unimpaired flight envelope requires less than 10 rudder deflection, hence the restriction has no effect ( Table 9 ). This is also the reason that the unimpaired flight envelope is not visible in that figure. It is completely covered by the impaired flight envelopes [30, 10] and [30, 20] .
The impaired case [20, 10] in Fig. 18 corresponds to both of the tables 8 and 9. Neither the lower limit boundary nor the upper limit boundary has any difference with the unimpaired flight envelope boundary. It should be noted that the symmetry of the estimated flight envelopes (described in the beginning of this section), results in validity of Table 8 It can be seen that in most cases, top (thrust saturation boundary) and bottom (stall boundary) of the impaired flight envelope are attached to top and bottom of the unimpaired flight envelope, except for that side of the boundary which is separated. In such cases, the deflection range of the impaired rudder includes 0 deflection, which means that the aircraft is able to perform non-sideslipping maneuver (  0). However, there are cases in which impaired rudder deflection range excludes 0 deflection. In these cases there are either positive rudder inputs available or negative rudder inputs available. Thus the aircraft is always sideslipped ( ≠ 0), which yields in persistent extra drag force. Such drag increases required thrust, which in turn leads to lower maximum speed and higher minimum speed. We call these cases "high drag". It is evident in the presented figures that for the high drag cases, always top of the impaired boundary and sometimes (if the restriction is highly tightened) bottom of the impaired boundary separates from the unimpaired boundary. For instance in Fig. 16 It is worthy to check the validity of the results of the previous unimpaired flight envelope analysis in the impaired cases too. Therefore, three impaired cases are chosen and plotted in different altitudes and flight path angles (figures 19, 20, and 21) . In Fig. 19 , impaired flight envelopes shrink as expected with the increase in altitude, which is consistent with Fig. 16 . Fig. 20 demonstrates lowering of the thrust saturation boundary with increase in the flight path angle, which is due to increase in the required thrust. Same behavior is seen in Fig.  15 for the unimpaired cases. In Fig. 21 , despite the contraction of the impaired flight envelope, maximum speed is the same for different altitudes. A phenomenon completely in compliance with Fig. 17 , which shows that in = −5°, maximum speed does not change with the variation in altitude. 
Aileron restriction cases
General rules inferred from the rudder restriction cases are valid for the aileron restriction cases too, except for few details changed. Lower limit of the aileron deflection angle corresponds to the left side of the flight envelope boundary, because right aileron (negative ) incurs a positive rolling moment which is followed by an adverse negative yawing moment which makes left turns (negative turn rates) more accessible. Consequently, upper limit corresponds to the right side of the flight envelope boundary.
As in the rudder restriction cases, restricted aileron failures which do not include the 0 deflection angle are always sideslipped ( ≠ 0) and endure permanent extra drag force. For example, the impaired case [20, 10] in Fig. 22 is a high drag case. 
Rudder jamming cases
Figures 26 and 27 present maneuvering flight envelopes for a number of rudder jamming failure cases. These figures show that when the rudder is jammed at a positive deflection angle, the aircraft tends to turn left. That is because positive rudder deflection (left rudder) incurs negative yawing moment. Also it can be seen that as the rudder jammed angle increases (failure gets severe), flight envelopes are more drifted to the left, i.e. left turning maneuvers with higher turn rates become accessible whilst turning maneuvers with lower turn rates become infeasible. This behavior can be explained as following:
In the unimpaired case, when the bank angle reaches its maximum value (according to the imposed 30 bank constraint), the airplane can still achieve higher turn rates by performing slipping turn. To do so, simultaneous opposite rudder and aileron inputs are used to yaw the aircraft whilst maintaining the bank angle at 30. However, in the impaired cases there are no rudder inputs available when the aircraft reaches maximum allowable bank angle (because the rudder is jammed), so it is impossible for the airplane to perform slipping turn and maintain bank angle. Thus further turn rates and trim points are infeasible.
Also it is evident that the rudder jammed airplane has permanent sideslip ( ≠ 0), which yields in shifting the flight envelopes of the impaired cases to the left (more negative turn rates) in the −̇ plot. The more the rudder jammed angle, the more the shifting, and hence the more drifted is the impaired flight envelope. By investigating the maneuvering flight envelopes of the rudder jamming cases and comparing them with the restricted rudder flight envelopes, we arrive at the following conclusion:
Each jammed rudder flight envelope is the intersection of two restricted rudder flight envelopes. This statement can be shown as below:
where denotes Jamming, denotes restriction, and is the jammed rudder angle. For instance, maneuvering flight envelope of aircraft with jammed rudder at +20 is comprised of trim points which are available in both of the flight envelopes of the restricted rudder cases [30, +20] and [+20, +30]. This is shown in Fig. 28 . Also in Fig. 29 , it is presented that the maneuvering flight envelope of aircraft with jammed rudder at +10 is the intersection of flight envelopes of restriction cases [20, +10] and [+10, +20]. 
Aileron jamming cases
Figures 30 and 31 present maneuvering flight envelopes for a number of aileron jamming failure cases. As can be seen, when aileron is jammed at a positive value, the aircraft tends to turn to the right. That is because left aileron (positive ) incurs a negative rolling moment which is followed by an adverse positive yawing moment which makes right turns (positive turn rates) more accessible.
As the aileron jammed angle increases, maneuvering flight envelopes are more drifted to the right, so higher turn rates become feasible whilst lower turn rates become inaccessible.
Similar to the intersection rule inferred from the rudder jamming failures exists for the aileron jamming cases. Figure  32 demonstrates an instance. 
CONCLUSION
In this paper, the effect of rudder and aileron failures on the maneuvering flight envelope of the NASA GTM has been investigated. To do so, first a rigorous analysis was performed on the maneuvering flight envelope of the unimpaired GTM to identify the limiting factors of the flight envelope boundary. Precise cognition of the unimpaired flight envelope is the key prerequisite to understand the variation of the maneuvering flight envelope in failure cases. Hence, unlike the other related researches in literature where often no detailed study has been done on the unimpaired maneuvering flight envelope and directly brief results of the impaired flight envelopes are provided, in this study we have thoroughly investigated the flight envelope of the unimpaired GTM in various flight conditions. The unimpaired flight envelope was evaluated at different altitudes and flight path angles, and the states and controls variation along the boundary trim points were depicted and analyzed. Results show that the flight envelope contracts as the altitude increases, because the thrust saturation boundary contracts and lowers, the stall boundary (stall speed) goes up, and the aileron saturation boundary gets smaller (the aileron saturates sooner) with the increase in altitude. Also, the stall boundary and the aileron saturation boundary are almost at the same location at different flight path angles; however, thrust saturation boundary shifts down by increasing the flight path angle. The obtained results were also verified by the corresponding equations governing the aircraft performance.
In this research, an extensive previously created database comprised of 164 3D maneuvering flight envelopes of 41 different surface jam and control restriction failures of the GTM's rudder and aileron at different flying altitudes was employed. Each 3D flight envelope contains thousands of trim points for which a nonlinear 6DOF optimization process has been executed one by one. On average it took 8 seconds for each trim point to complete the optimization process. Hence, in order to evaluate all the 3D flight envelopes of the database, more than 19600 hours was spent in over more than 16 months; executing the optimization process on more than 8.8 million trim points. Such a large number of impaired flight envelopes provided a great insight on how the degree of failure affects the maneuvering flight envelope. Specifically, results show that in both of the rudder and aileron failure cases, flight envelope contracts and the impaired boundary separates from the boundary of the unimpaired case, and this separation occurs at that side of the impaired flight envelope which its corresponding limit is lower than that of the unimpaired case (e.g. the limit being 10 instead of 30). As the upper limit value of the control surface deflection decreases or the lower limit value increases, the failure gets severe (i.e. control restriction tightens), so the impaired boundary retreats more inside the unimpaired flight envelope and distances more from the unimpaired boundary. Also, there are failure cases in which, impaired deflection range excludes the 0 deflection. In these cases, there are either positive deflection inputs available or negative inputs available. Thus, the aircraft is always sideslipped ( ≠ 0), which yields in persistent extra drag force. Such drag increases the required thrust, which in turn leads to lower maximum speed and higher minimum speed. Hence, such failure cases have more shrunk flight envelopes. Also, results of the study show that each jamming case's flight envelope is the intersection of two restriction cases' flight envelopes.
Future works include the evaluation and analysis of the impaired flight envelopes for other types of failure, such as structural damages, engine malfunctions, and icing. The effect of the combination of different failure types is also an interesting topic.
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